Published by Institute of Physics Publishing for SISSA/ISAS Received: April 19, 2002 Revised: May 23, 2002 Accepted: May 24, 2002

A simple sum rule for the thermal gluon spectral function and applications

Patrick Aurenche

Laboratoire d’Annecy-le-Vieux de Physique Théorique Chemin de Bellevue, B.P. 110 74941 Annecy-le-Vieux Cedex, France E-mail: aurenche@lapp.in2p3.fr

François Gelis

Laboratoire de Physique Théorique, Bât. 210, Université Paris XI 91405 Orsay Cedex, France E-mail: gelis@th.u-psud.fr

Haitham Zaraket

Physics Department and Winnipeg Institute for Theoretical Physics University of Winnipeg Winnipeg, Manitoba R3B 2E9, Canada E-mail: zaraket@theory.uwinnipeg.ca

Abstract: In this paper, we derive a simple sum rule satisfied by the gluon spectral function at finite temperature. This sum rule is useful in order to calculate exactly some integrals that appear frequently in the photon or dilepton production rate by a quark gluon plasma. Using this sum rule, we rederive simply some known results and obtain some new results that would be extremely difficult to justify otherwise. In particular, we explain how this result can be used to calculate the photon rate in a simple quasi-particle model which correctly reproduces the thermodynamic properties of a quark-gluon plasma. We also derive an exact expression for the collision integral that appears in the calculation of the Landau-Pomeranchuk-Migdal effect and propose a method to solve the resulting differential equation.

Keywords: Thermal Field Theory, QCD, Sum Rules.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep052002043 /jhep052002043 .pdf

Contents

1. Introduction 1

2. Derivation of the sum-rule 4

3. Expression of J_{T,L} and K_{T,L} 7

4. Asymptotic behavior of J_{T,L} and K_{T,L} 8 4.1 Limit M_{eff} ≪ m_g 8 4.2 Limit M_{eff} ≫ m_g 9

5. Beyond the HTL approximation 10

6. Resummation of ladder diagrams and LPM effect 12 6.1 Integral equation in momentum space 12 6.2 Solution in the Bethe-Heitler regime 13 6.3 Reformulation as a differential equation 14 6.4 Numerical solution 15 6.4.1 General principle 15 6.4.2 Realistic algorithm 16

7. Conclusions 17

A. Asymptotic behavior of F (x) 17 A.1 Large x behavior of F (x) 17 A.2 Small x behavior of F (x) 18

B. For real photons: J_T = −J_L if M_∞ = m_g 19

1. Introduction

Photon production is considered to be a very interesting signal of the formation of a quark gluon plasma in heavy ion collisions [1]–[7]. Indeed, because of their very weak coupling to matter, photons (and more generally any electromagnetic probe) have a large mean free path which enables them to escape without reinteractions from a medium the size of which is at best a few tens of fermis.

On the theoretical side, the calculation of the photon and dilepton rate is performed under the hypothesis of local equilibrium, i.e. one calculates a rate (number of photons produced per unit time and per unit volume) using thermal field theory in equilibrium,

– 1 –

Figure 1: The two-loop diagrams contributing to photon and dilepton production.

Figure 2: Important processes contained in the above 2-loop diagrams.

and then plugs this rate into some hydrodynamical model [1], [4]–[7] which describes the system by dividing it in cells where a local equilibrium is assumed and by assigning a local temperature and fluid 4-velocity to each cell. Such a description is consistent as long as the photon formation time is small compared to the typical size of the cells in which an approximate equilibrium is realized [8, 9].

Thermal field theory calculations of photon and dilepton production rates have been performed a long time ago [10]–[13], and have been reassessed under the new light shaded by the concept of hard thermal loops (HTL — [14]–[18]) [19]–[24]. In this context, it has been found that some 2 → 3 and 3 → 2 processes which appear only in 2-loop diagrams [25]–[28] (like bremsstrahlung, as well as the process qq̄{q, g} → γ{q, g} which can be deduced from bremsstrahlung by crossing symmetry - see figures 1 and 2) are also important.

These processes are in fact enhanced by a strong sensitivity to the forward emission of the photon, due to a collinear singularity regularized by a thermal mass of order gT where g is the gauge coupling. In particular, the process on the left of figure 2 has been found to enhance considerably the rate of hard photons [27]. This collinear enhancement mechanism has also been shown to play a role in multi-loop diagrams belonging to the class of ladder corrections and self-energy-corrections [8], [29]–[33], and a resummation of this family of diagrams has been carried out in [32, 33]. The effect of this resummation, also known as Landau-Pomeranchuk-Migdal (LPM) effect [34, 35, 36], leads to a small reduction (by about 25% for photons in the range interesting for phenomenology) of the photon rate.

It is expected that the strength of the LPM corrections is comparable for the production of photon with a small invariant mass, and smaller for photons with an invariant mass large compared to M^2_∞ (this statement is however not true for a photon mass close to the threshold 2M_∞ for qq̄ annihilation, because there are large perturbative corrections in this region). As a first attempt to estimate the contribution to dilepton production of the off-shell annihilation process of figure 2, we have extended recently our 2-loop calculation

– 2 – of [27] to the case where the photon mass cannot be neglected any longer, leaving the problem of resumming the LPM corrections for a later work. In this paper, we obtained a simple generalization to the case of massive photons of the formula known for the imaginary part of the real photon polarization tensor. This formula reads:

Im Π_R^μ(Q) ≈ − e^2g^2N_cC_F 2π^4 T q^2_0 ∫_{+∞} −∞ dp_0 [n_F (r_0) − n_F (p_0)] × × { ( p^2_0 + r^2_0 ) (J_T − J_L ) + 2

Q^2p_0r_0 + M^2_∞ ( p^2_0 + r^2_0 ) M^2_{eff}

(K_T − K_L ) } . (1.1)

with r_0 ≡ p_0 + q_0 and^1

J_{T,L} ≡ M^2_{eff}

∫_1 0 dx x Im Π_{T,L} (x) ∫_{+∞} 0 dw √ w/(w + 4) tanh^{−1} √ w/(w + 4) (M^2_{eff} w + Re Π_{T,L} (x))^2 + (Im Π_{T,L} (x))^2 , K_{T,L} ≡ M^2_{eff}

∫_1 0 dx x Im Π_{T,L} (x) ∫_{+∞} 0 dw w √ w/(w + 4) tanh^{−1} √ w/(w + 4) − w/4 (M^2_{eff} w + Re Π_{T,L} (x))^2 + (Im Π_{T,L} (x))^2

, (1.2)

where the Π_{T,L} are the transverse and longitudinal self-energies resummed on the gluon propagator, and where we denote

M^2_{eff} ≡ M^2_∞ +

Q^2 q^2_0 p_0r_0 , (1.3)

with M_∞ the thermal mass of a hard quark (M^2_∞ = g^2C_F T^2/4). The functions Π_{T,L} are the usual transverse and longitudinal HTL gluon self-energies:

Π_T (L) = 3m^2_g [ x^2 2 + x(1 − x^2) 4 ln ( x + 1 x − 1 )]

Π_L (L) = 3m^2_g [ (1 − x^2) − x(1 − x^2) 2 ln ( x + 1 x − 1 )] , (1.4)

where we denote x ≡ l_0/l and where m^2_g ≡ g^2T^2[N_c + N_F /2]/9 is the gluon thermal mass in a SU(N_c) gauge theory with N_F flavors.

Therefore, in addition to the function J_{T,L} already introduced in the case of quasi-real photons,^2 we need two new functions K_{T,L} for the term proportional to the photon invariant mass squared Q^2. All are dimensionless functions of the ratio of M_{eff} to the plasmon mass m_g which appears as a prefactor in the self-energies Π_{T,L} . Up to now, the J_{T,L} and K_{T,L} have only been evaluated numerically ([26, 27], with a mistake corrected by [38, 39, 40]),

1Let us recall here that M^2_{eff} can become negative if Q^2 > 4M^2_∞. Those definitions are only appropriate for M^2_{eff} > 0, because they have been obtained by rescaling the transverse momentum l_⊥ of the gluon by writing l^2_⊥ ≡ M^2_{eff} w. However, it was argued in [37] that the correct result for M^2_{eff} < 0 can be obtained as the real part of the analytic continuation of the result for M^2_{eff} > 0. Most of this paper deals with the case of a positive M^2_{eff} .

2The term in M^2_∞K_{T,L} was forgotten in [26]. It comes from the HTL correction to the γqq̄ vertex. This vertex correction was also neglected in [32, 33] without any damage to this approach since it affects only the component Πzz of the polarization tensor, while only the transverse components are calculated in these papers (see [37] for more details on this issue).

– 3 – which is sufficient for the case of real photons since in this case they are fixed numbers that depend only on the number of colors and flavors but not on kinematical parameters (M^2_{eff} = M^2_∞). However, the cost of this procedure increases significantly in the case of virtual photons since the value of M^2_{eff} depends on the invariant mass Q, energy q_0 and quark energy p_0. In addition, obtaining asymptotic limits is far from trivial at this point.^3 The aim of the present paper is to derive some analytical results regarding those functions. We first show how the integral over the variable x can be performed exactly in the functions J_{T,L} and K_{T,L} by means of a simple sum-rule (section 2). This leads to either a very simple integral representation of these functions or even to closed formulas in terms of dilogarithms (section 3). Thanks to these results, we can easily study the asymptotic properties of the functions J_{T,L} and K_{T,L} . Non trivial asymptotic expansions are obtained, which would have been very difficult to obtain otherwise (section 4). In section 5, we show that the above analytic results can also give some insight on the fact that the processes of figure 2 depend only on parameters like the gluon screening masses and the hard quark thermal mass, in a generic model where the quark gluon plasma is described as a gas of quasi-particles. Finally, we show that one can also calculate analytically the collision integral that appears in the resummation of ladder diagrams [32, 33] (section 6). In appendix A, we derive the asymptotic behavior of a function introduced at an intermediate stage. In appendix B, we prove analytically an anecdotical property which was first noticed numerically [41]: the integrals J_T and J_L are exactly opposite if M_∞ = m_g and Q^2 = 0.

2. Derivation of the sum-rule

We want to calculate the integral: f(z) ≡ ∫_1 0 dx x 2 Im Π(x) (z + Re Π(x))^2 + (Im Π(x))^2

, (2.1)

for a positive z, where Π(x) is some self-energy depending only on x ≡ k_0/k as is the case for instance with the HTL gluonic self-energy. The factor 1/x comes from a Bose-Einstein factor in the soft approximation dk_0n_B (k_0) ≈ T dk_0/k_0 = T dx/x. The first step in this calculation is to rewrite it as f(z) = ∫_1 0 dx x (1 − x^2)

2 Im Π(x) (z(x^2 − 1) − Re Π(x))^2 + (Im Π(x))^2

, (2.2)

where we define Π(x) ≡ (1 − x^2)Π(x). Interpreting now z (z > 0) as the square of a three-momentum k and x as the ratio x = k_0/k, we have

−2 Im Π(x) (z(x^2 − 1) − Re Π(x))^2 + (Im Π(x))^2

= 2 Re i k^2_0 − k^2 − Π(k_0, k) + ik_0ϵ ≡ ρ(k_0, k) . (2.3)

3Some very partial asymptotic results have been obtained in [26] for J_{T,L} .

– 4 –

Note that this function is nothing but the spectral function ρ(k_0, k) associated with the “propagator” appearing in the right hand side. This is what enables us to relate the integral f(z) = − ∫_1 0 dx x (1 − x^2)ρ( √ zx, √ z) (2.4)

to the spectral representation of this propagator. Indeed, it is known that the resummed propagator i/(K^2 − Π(K)) is related to its spectral function ρ(k_0, k) via the following spectral representation [42, 43]: i k^2_0 − k^2 − Π(k_0/k) + ik_0ϵ = ∫_{+∞} 0 dE π Eρ(E, k) i k^2_0 − E^2 + ik_0ϵ

. (2.5)

Taking the real part of this identity,^4 one recovers the definition eq. (2.3) of the spectral function. Taking its imaginary part and denoting E ≡ kx and k_0 = ky, one obtains the following non-trivial integral: ∫_{+∞} 0 dx π xρ(kx, k) 1 y^2 − x^2 = k^2(y^2 − 1) − Re Π(y) (k^2(y^2 − 1) − Re Π(y))^2 + (Im Π(y))^2

. (2.6)

Taking the limit y → ∞, we find ∫_{+∞} 0 dx π xρ(kx, k) = 1 k^2 − lim_{y→∞} Re Π(y)/y^2 = 1 k^2 + Re Π(∞)

. (2.7)

Having in mind that Π(y) is a gluonic self-energy obtained from the hard thermal loop approximation, its imaginary part vanishes if y ≥ 1 and therefore does not contribute in the limit y → ∞. Alternatively, taking the limit y → 0 and assuming similarly that Im Π(y = 0) = 0, we obtain: ∫_{+∞} 0 dx π 1 x ρ(kx, k) = 1 k^2 + Re Π(0)

. (2.8)

We can combine these two relations into ∫_{+∞} 0 dx x (1 − x^2)ρ(kx, k) = π [ 1 k^2 + Re Π(0) − 1 k^2 + Re Π(∞) ] . (2.9)

In order to obtain from there the function f(z), we need to subtract the contribution coming from x between 1 and +∞. Fortunately, since Im Π(x) = 0 for x ≥ 1, the contribution in this range comes only from the poles of the propagator i/(K^2 − Π(K)), via the formula^5 ∫_{+∞} 1 dx x (1 − x^2)ρ(kx, k) = π ∑ poles x_i Z(x_i) k^2

1 − x^2_i

x^2_i

, (2.10)

where Z(x_i) is the residue of the propagator at the corresponding pole. For the above propagator, the equation that determines the poles is

k^2(x^2 − 1) = Re Π(x) = (1 − x^2) Re Π(x) . (2.11)

4Note that the spectral function ρ(k0, k) is by definition a real function. 5If Im Π(x) = 0, then ρ(kx, k) = 2πδ(k^2(x^2 − 1) − Π(x)).

– 5 –

This “dispersion equation” has a trivial solution x = 1, which does not contribute when plugged in eq. (2.10) because the other factors in the integrand vanish if x = 1. Any non trivial pole would be a solution of the equation

k^2 + Re Π(x) = 0 , (2.12)

but under the reasonable assumption that the resummation of the self-energy Π(x) leads to well behaved quasi-particles (i.e. that the equation k^2_0 − k^2 = Π(k_0/k) has a solution for every value of k_0/k larger than 1), we have Re Π(x) ≥ 0 for x > 1 and therefore there are no additional poles. As a consequence, the integral of eq. (2.9) does not receive any contribution from the range x ∈ [1, +∞], and we can write directly a closed expression for the function f(z): f(z) = ∫_1 0 dx x 2 Im Π(x) (z + Re Π(x))^2 + (Im Π(x))^2 = π [ 1 z + Re Π(∞) − 1 z + Re Π(0) ] . (2.13)

This is the basic sum-rule from which we are going to derive some results regarding photon production by a quark-gluon plasma. The validity of this result can also be checked numerically.

It may be useful to recall here the assumptions we have made about the self-energy Π in order to obtain this result:

1. Π depends only on x ≡ k_0/k

2. Im Π(x = 0) = 0

3. Im Π(x) = 0 if x ≥ 1

4. Re Π(x) ≥ 0 if x ≥ 1.

The condition (2) is always true and condition (4) is not very restrictive, but the conditions (1) and (3) are a priori only valid at leading order in g.

In [26], a formula for the photon rate based on sum rules was also presented. However, in this paper, the use of sum rules led only to a very complicated result (involving explicitly the gluon dispersion equations as well as the residues of the gluon poles) that was not useful for any practical purpose. By comparing the two methods, we can trace the simplification achieved in the present paper to a different choice for the integration variables. Indeed, in [26] the sum rules were applied to an integral over the variables x ≡ l_0/l, l = |l| (where L is the momentum of the exchanged gluon), while in the present approach, we take as independent integration variables x and w ≡ −L^2/M^2_{eff} = l^2(1 − x^2)/M^2_{eff} . It appears that trading l in favor of w before using sum rules to perform the integral over x leads to a dramatic simplification of the result, because some non trivial parts of the x dependence get absorbed in the new variable w. There are in fact many sum rules satisfied by the HTL spectral functions. The interested reader may find other examples in [44, 45, 46, 47].

– 6 –

3. Expression of J_{T,L} and K_{T,L}

Thanks to the formula derived in the previous section, one can first simplify the functions J_{T,L} and K_{T,L} so that we have only one-dimensional integrals over the variable w: J_{T,L} = π 2 ∫_{+∞} 0 dw √ w w + 4 tanh^{−1} √ w w + 4 ×

× 1 w +^{Re ΠT,L (∞)}

M^2_{eff} − 1 w +^{Re ΠT,L (0)}

M^2_{eff} ,

K_{T,L} = π 2 ∫_{+∞} 0 dw w [√ w w + 4 tanh^{−1} √ w w + 4 − w 4 ] ×

× 1 w +^{Re ΠT,L (∞)}

M^2_{eff} − 1 w +^{Re ΠT,L (0)}

M^2_{eff}

. (3.1)

At this point, using the change of variable u ≡ √ w/(w + 4), we can write in a simpler way the following elementary integrals: ∫_{+∞} 0 dw √ w w + 4 tanh^{−1} √ w w + 4 [ 1 w − 1 w + a ] = 2F ( 4 a ) , (3.2) ∫_{+∞} 0 dw w [√ w w + 4 tanh^{−1} √ w w + 4 − w 4 ] [ 1 w − 1 w + a ] = 1 4 ln ( 1 a ) + 1 2 − 2 a F ( 4 a ) , where we define the function F (x) ≡ ∫_1 0 du tanh^{−1}(u) (x − 1)u^2 + 1

. (3.3)

Recalling now the following properties of the HTL self-energy of the gluon [14]

Re Π_{T,L} (∞) = m^2_g Re Π_T (0) = 0 Re Π_L (0) = 3m^2_g (3.4)

where m_g is the plasmon mass, we easily obtain the following expressions in terms of the function F (x): J_T = −πF ( 4M^2_{eff} m^2_g ) , J_L = π [ F ( 4M^2_{eff} 3m^2_g ) − F ( 4M^2_{eff} m^2_g )] , K_T = π [ M^2_{eff} m^2_g F ( 4M^2_{eff} m^2_g ) − 1 4 − 1 8 ln ( M^2_{eff} m^2_g )] , K_L = π [ − 1 8 ln(3) +

M^2_{eff} m^2_g ( F ( 4M^2_{eff} m^2_g ) − 1 3 F ( 4M^2_{eff} 3m^2_g ))] . (3.5)

– 7 –

Therefore, those results demonstrate that in order to study the properties of the functions J_{T,L} and K_{T,L} , one needs only to study the properties of the much simpler function F (x). In fact, it is even possible to write the function F (x) in closed form in terms of dilogarithms.^6 We are not going to make use of this possibility here since it is simpler to keep F (x) in its integral form given by eq. (3.3).

One must stress the fact that all these functions depend only on the ratio of two masses. In the case of real photons (Q^2 = 0), we have in addition M^2_{eff} = M^2_∞ and for N_c = 3 colors, we can write: 4M^2_∞ 3m^2_g = 8 6 + N_F

, (3.7)

i.e. the temperature and strong coupling constant also drop out of this ratio. It appears that there is an additional (and purely accidental) simplification for N_F = 2 flavors: in this case, the differences J_L − J_T and K_L − K_T can be expressed in a very simple fashion: J_L − J_T | |_{Nc=3,NF =2} = π ln(2) , K_L − K_T | |_{Nc=3,NF =2} = π 4 (1 − 2 ln(2)) . (3.8)

For the case of N_F = 3 flavors, the results are less simple, but one can still obtain explicit expressions: J_L − J_T | |_{Nc=3,NF =3} = π [ π^2 8 − 33 8 ln^2(2) + 3 ln(2) ln(3) − − 3 2 Li_2 ( 3 4 ) − 3 2 Li_2 ( − 1 2 )] , K_L − K_T | | N_c=3,N_F =3 = π [ 1 4 − π^2 36 + ln(2) 8 − ln(3) 4 + 11 12 ln^2(2) − − 2 3 ln(2) ln(3) + 1 3 Li_2 ( 3 4 ) + 1 3 Li_2 ( − 1 2 )] . (3.9)

Had these exact formulas been known, the confusion due to the erroneous factor 4 in the numerical evaluation of these coefficients in [27] would have been avoided [40].

4. Asymptotic behavior of J_{T,L} and K_{T,L}

4.1 Limit M_{eff} ≪ m_g

Using the above results, we can recover in a rather simple and elegant way all the asymptotic limits given in [26] for J_{T,L} , as well as the limits used for K_{T,L} in order to obtain the behavior

6Explicitly, we have:

F (x) = 1 4ip [ Li2 ( 2p p + i ) − 2 Li2 ( p p + i ) − Li2 ( 2p p − i ) + 2 Li2 ( p p − i )

+ 2 ln(2) ln ( i − p i + p )] , with p ≡ √ x − 1 and Li2(x) ≡ +∞∑ n=1 x^n n^2

. (3.6)

– 8 – of 2-loop dilepton production near the threshold Q^2 = 4M^2_∞ (a region which is dominated by small values of M^2_{eff} ) [37].

To that effect, we need only the behavior of F (x) when x → 0. This is derived in the appendix A, where we prove that:

F (x) =_{x→0+} 1 8 ln^2 ( 4 x ) + π^2 24 + O ( x ln^2 ( 1 x )) . (4.1)

Thanks to this formula, a trivial calculation gives^7 J_T ≈_{Meff ≪mg} − π 8 ln^2 ( m^2_g M^2_{eff} ) ,

J_L ≈_{Meff ≪mg} π ln(3) 4 ln ( m^2_g M^2_{eff} ) ,

K_T ≈_{Meff ≪mg} π 8 [ ln ( m^2_g M^2_{eff} ) − 2 ] , K_L ≈_{Meff ≪mg} − π ln(3) 8 . (4.2)

These relations in fact go well beyond the results for J_{T,L} obtained in [26], since in this new approach we obtain for free the prefactor of the leading term and we could even have calculated some subleading terms, down to the constant term.

4.2 Limit M_{eff} ≫ m_g

Using eqs. (3.5), it is also very simple to obtain the behavior of the functions J_{T,L} and K_{T,L} in the opposite limit where M_{eff} ≫ m_g. In order to do that, we need to know the behavior of F (x) for large values of x. The following formula is also derived in appendix A: F (x) =_{x≫1} ln(x) 2x + 1 − ln(2) x + ln(x) 3x^2 + 5 − 6 ln(2) 9x^2 + O ( ln(x) x^3 ) . (4.3)

From this formula, it is easy to obtain J_T ≈_{Meff ≫mg} − π 8 m^2_g M^2_{eff} ln ( M^2_{eff} m^2_g ) , J_L ≈_{Meff ≫mg} π 4 m^2_g M^2_{eff} ln ( M^2_{eff} m^2_g ) ≈ −2J_T , K_T ≈_{Meff ≫mg} π 48 m^2_g M^2_{eff} ln ( M^2_{eff} m^2_g ) , K_L ≈_{Meff ≫mg} − π 24 m^2_g M^2_{eff} ln ( M^2_{eff} m^2_g ) ≈ −2K_T . (4.4)

7These leading log formulas are not affected by the fact that the asymptotic expansion of F (x) is slightly modified if x approaches 0 with negative values (see eq. (A.10)).

– 9 –

5. Beyond the HTL approximation

Recently, there has been some attempts to describe a quark-gluon plasma as a gas of quasi free quasiparticles. One such model [51] assumes in fact that these quasi-particles have the dispersion relations that one gets from the HTL approximation (and no width), and uses two free parameters in the temperature dependence of the coupling constant g(T ) (this dependence is motivated by the 1-loop running of the coupling constant, but there is some freedom in the choice of the renormalization point as a function of the temperature). This very simple model has been quite successful in reproducing all the available lattice results for the pressure of a QGP.

Moreover, one can calculate in this model the leading part of the self-energy of a spacelike gluon (the model only makes an assumption for the time-like spectrum of excitations in the plasma – space-like properties like screening can then be calculated), and derive an expression for the Debye mass that also agrees qualitatively with the lattice results (this is now a prediction, and not a fit – the free parameters of the model were fitted so that the pressure is correctly reproduced). This is an interesting test because the HTL prediction for the Debye mass would indicate that it increases when one approaches the critical temperature T_c from above, while lattice results indicate that it becomes very small. Physically, this is explained as follows: when the temperature becomes close to T_c, the quasi-particles that populate the plasma become very massive [51, 52], which strongly suppresses the ability of a test charge to polarize the medium surrounding it; therefore, Debye screening becomes ineffective.

Note also that this simple quasi-particle model satisfies the conditions listed at the end of section 2. Let us use this sum-rule in order to formulate the photon rate of eq. (1.1) in a way that is suitable for its evaluation in such a quasi-particle model. It is easy to see that the result depends only on the four numbers Re Π_{T,L} (∞) and Re Π_{T,L} (0). The first two are the plasmon mass (longitudinal) and the mass of the transverse gluon at zero momentum, and can be shown to be equal thanks to Slavnor-Taylor identities [48, 49, 50]. Physically, this property means that there is no way to distinguish transverse and longitudinal modes for a particle at rest. Therefore, we need only to introduce one plasmon mass:

Re Π_T (∞) = Re Π_L (∞) ≡ m^2_P . (5.1)

The other numbers needed are squares of the screening masses for the transverse and longitudinal static gluon exchanges. The longitudinal screening mass is the familiar Debye mass:

m^2_D ≡ Re Π_L (0) . (5.2)

In the HTL approximation, there is no screening for the transverse static gluons, but this is not expected to hold generally. The corresponding screening mass is the magnetic mass, and is denoted m^2_{mag} ≡ Re Π_T (0) . (5.3)

At this stage, we keep this parameter only as a handle to grossly estimate the effect of having magnetic screening. However, one should have in mind that magnetic screening

– 10 – is not limited to a modification of Π_T (0) and that the calculation becomes intrinsically non-perturbative when magnetic screening is important.

In terms of these parameters, it is straightforward to write down the expressions of J_{T,L} and K_{T,L} for photon production in a description where we use gluon propagators that are more general than the HTL propagators:

J_T = π [ F ( 4M^2_{eff} m^2_{mag} ) − F ( 4M^2_{eff} m^2_P )] , J_L = π [ F ( 4M^2_{eff} m^2_D ) − F ( 4M^2_{eff} m^2_P )] , K_T = π [ − 1 8 ln ( m^2_{mag} m^2_P ) + M^2_{eff} m^2_P F ( 4M^2_{eff} m^2_P ) − M^2_{eff} m^2_{mag} F ( 4M^2_{eff} m^2_{mag} )] , K_L = π [ − 1 8 ln ( m^2_D m^2_P ) + M^2_{eff} m^2_P F ( 4M^2_{eff} m^2_P ) − M^2_{eff} m^2_D F ( 4M^2_{eff} m^2_D )] . (5.4)

It is easy to check that these relations fall back to eqs. (3.5) if we set m_{mag} = 0, m_P = m_g and m_D = √ 3m_g, which are the relations between masses in the HTL framework.

There is another general property of the processes of figure 2 which is worth mentioning here. Their rate in fact depends only on the combinations J_T − J_L and K_T − K_L (see eq. (1.1)) after one has summed the contributions of transverse and longitudinal gluons. Using the above formulas, we obtain:

J_T − J_L = π [ F ( 4M^2_{eff} m^2_{mag} ) − F ( 4M^2_{eff} m^2_D )] , K_T − K_L = π [ 1 8 ln ( m^2_D m^2_{mag} ) + M^2_{eff} m^2_D F ( 4M^2_{eff} m^2_D ) − M^2_{eff} m^2_{mag} F ( 4M^2_{eff} m^2_{mag} )] . (5.5)

In other words, all the dependence on the plasmon mass drops out for the processes of figure 2. This property is in fact reasonable since we are looking at processes that involve only space-like gluons, and it would have been surprising if the result had depended on the plasmon mass, a property of time-like gluons. Note also that these quantities remain finite even if the magnetic mass is very small or vanishing.

Therefore, assuming a vanishing magnetic mass, eq. (1.1) depends only on the ratio M^2_{eff} /m^2_D, or more simply M^2_∞/m^2_D for real photons. In the quasi-particle model of [51], M_∞ is determined by a fit of the lattice data for the pressure, and the Debye mass m_D can be calculated from there. This procedure leads to a ratio M^2_∞/m^2_D that increases when the temperature approaches T_c from above, while it would be temperature-independent in the HTL framework. This fact alone would modify (reduce, in fact) the value of the numerical prefactor in the photon rate, compared to the value obtained in the HTL framework. It would be interesting to test what a model that reproduces successfuly the lattice pressure near T_c can say about a dynamical quantity like the photon rate. We expect that this model provides a better description of a QGP at temperatures that are not far above the critical temperature. Interestingly, it could soon become feasable to compare this idea with lattice evaluations of the photon rate since a lot of progress has been made in this area recently [52].

– 11 –

6. Resummation of ladder diagrams and LPM effect

6.1 Integral equation in momentum space The authors of [32, 33] performed the resummation of all the ladder diagrams, as well as all the self-energy corrections that are required to preserve gauge invariance, in order to account for the LPM effect in the production of real photons. Indeed, such photons may have a formation time larger than the mean free path of the quarks in the medium [31], so that multiple quark scatterings contribute coherently to the formation of the photon.

In the formulation of [32, 33], the imaginary part of the retarded photon polarization tensor is given by^8

Im Π_R^μ(Q) ≈ e^2N_c 8π ∫_{+∞} −∞ dp_0 [n_F (r_0) − n_F (p_0)] p^2_0 + r^2_0 p^2_0r^2_0 × × Re ∫ d^2p_⊥ (2π)^2 p_⊥ · f(p_⊥) , (6.1)

where r_0 ≡ p_0 + q_0 and f(p_⊥) is a dimensionless transverse vector that represents the resummed coupling of a quark to the transverse modes of the photon, satisfying the following integral equation

2p_⊥ = iδEf(p_⊥) + g^2C_F T ∫ d^2l_⊥ (2π)^2

C(l_⊥) [f(p_⊥) − f(p_⊥ + l_⊥)] , (6.2)

where δE ≡ q_0(p^2_⊥ + M^2_{eff} )/(2p_0r_0) and in which C(l_⊥) is the collision integral defined by C(l_⊥) ≡ ∫ dl_0dl_z (2π)^2

2πδ(l_0 − l_z) 1 l_0 × × ∑ α=L,T 2 Im Π_α(L) (L^2 − Re Π_α(L))^2 + (Im Π_α(L))^2

P^{μν}_α (L) ^Q_μ ^Q_ν , (6.3)

with ^Q_μ ≡ (1, q/q) and P^{μν}_{T,L} (L) the transverse or longitudinal projector for a gluon of momentum L. Note that δE^{−1} is nothing but the typical formation time of the photon [31]. Note also that in an iterative solution of these integral equations, the first term that contributes to the imaginary part of the photon polarization tensor is of order g^2 since f(p_⊥) is purely imaginary at order zero in the collision term. This reflects the fact that the direct production of a photon by the processes qq̄ → γ or q → qγ is kinematically forbidden. This remark ceases to be valid if δE can vanish, in which case an iϵ prescription must be used, so that the zeroth order solution can have a real part. This happens if M^2_{eff} can become negative, i.e. if Q^2 > 4M^2_∞.

Using the fact that we have^9 P^{μν}_T (L) ^Q_μ ^Q_ν = l^2_z l^2

− 1 = −P^{μν}_L (L) ^Q_μ ^Q_ν , (6.6)

8Note that this equation includes only the two transverse modes of the photon, and is therefore incomplete for the production of virtual photons. It is however not difficult to include the longitudinal mode as well [53].

9One can use P^{μν}_T (L) + P^{μν}_L (L) = g^{μν} − L^μL^ν L^2

, (6.4)

– 12 – and introducing the variable x ≡ l_0/l, we can rewrite^{10} the collision integral in eq. (6.3) as

C(l_⊥) = 2 π ∫_1 0 dx x [ Im Π_L (x) (l^2_⊥ + Re Π_L (x))^2 + (Im Π_L (x))^2 − − Im Π_T (x) (l^2_⊥ + Re Π_T (x))^2 + (Im Π_T (x))^2 ] . (6.8)

At this point, the sum rule derived in section 2 gives directly the result of the integral over the variable x, so that the collision integral can be rewritten as:

C(l_⊥) = 1 l^2_⊥ − 1 l^2_⊥ + 3m^2_g

. (6.9)

We observe again that summing over the contributions of transverse and longitudinal gluon exchanges cancels the terms involving the plasmon mass.

6.2 Solution in the Bethe-Heitler regime

As a check, one can solve this integral equation iteratively up to the first order in the collision term. Indeed, the zeroth order term is purely imaginary, and drops out of the imaginary part of the photon polarization tensor (see eq. (6.1)). For the function f(p_⊥), this expansion gives: Re ∫ d^2p_⊥ (2π)^2 p_⊥ · f(p_⊥) =_{O(C1)} 8g^2C_F T

(p_0r_0)^2 q^2_0 ∫ d^2p_⊥ (2π)^2 p_⊥ p^2_⊥ + M^2_{eff} · · ∫ d^2l_⊥ (2π)^2 C(l_⊥) [ p_⊥ p^2_⊥ + M^2_{eff} − p_⊥ + l_⊥ (p_⊥ + l_⊥)^2 + M^2_{eff} ] . (6.10)

At this stage, performing the angular integrations is elementary. Making use of the following identity: ∫_{+∞} 0 d(p^2_⊥) 1 p^2_⊥ + M^2_{eff} − 1 √ (p^2_⊥ + l^2_⊥ + M^2_{eff} )^2 − 4p^2_⊥l^2_⊥

= 0 , (6.11)

this can be rewritten as: Re ∫ d^2p_⊥ (2π)^2 p_⊥ · f(p_⊥) =_{O(C1)} −

2g^2C_F T

π^3

(p_0r_0)^2

q^2_0

[J_T − J_L + 2K_T − 2K_L ] . (6.12) and ^Q_μ ^Q_ν ( g^{μν} − L^μL^ν L^2 ) = 0 if l0 = lz (6.5)

in order to obtain the second contraction.

10This change of coordinates has the following jacobian: ( 1 − l^2_0 l^2_0 + l^2_⊥ ) dl0 l0 d(l^2_⊥) = dx x d(l^2_⊥) . (6.7)

– 13 –

Finally, plugging eqs. (6.12) into eq. (6.1) gives

Im Π_R^μ(Q) =_{O(C1)} − e^2g^2N_cC_F 2π^4 T q^2_0 ∫_{+∞} −∞ dp_0[n_F (r_0) − n_F (p_0)] ×

× (p^2_0 + r^2_0)[J_T − J_L + 2K_T − 2K_L ] , (6.13)

which is equivalent to eq. (1.1) for real photons (Q^2 = 0, M^2_{eff} = M^2_∞). This proves the agreement between the perturbative approach followed in [37] and the resummation of the LPM corrections, if one formally keeps only the first order in the collision term. The fact that some terms proportional to Q^2 in eq. (1.1) are not recovered in this limit is due to the fact that the LPM resummation of [32, 33] is limited to the transverse modes of the produced photon, while massive photons also have a physical longitudinal mode.

6.3 Reformulation as a differential equation

Since the collision integral appearing under the integral over l_⊥ is now known in closed form, it is possible to transform this integral equation into an ordinary differential equation by going to impact parameter space. We can first define f(p_⊥) ≡ ∫ d^2b e^{−ip⊥·b}g(b) . (6.14) Note that the order zero solution (in powers of the collision integral) of the integral equation is^{11} g_0(b) = − 2 π p_0r_0 q_0

∇_bK_0(M_{eff} b) = 2 π p_0r_0 q_0

M_{eff}^bK_1(M_{eff} b) , (6.15)

where the K_i’s are modified Bessel functions of the second kind. For the higher order terms g_1(b), one obtains the following equation for g_1 i q_0 2p_0r_0

(M^2_{eff} − Δ_⊥)g_1(b) + g^2C_F T D(m_gb)(g_0(b) + g_1(b)) = 0 , (6.16)

with D(x) ≡ 1 2π [ γ + ln (√ 3x 2 ) + K_0( √ 3x) ] . (6.17)

In addition, we have also Re ∫ d^2p_⊥ (2π)^2 p_⊥ · f(p_⊥) = lim_{b→0+} Im ∇_⊥ · g_1(b) . (6.18)

This differential equation can be further simplified by defining the following dimensionless quantities: t ≡ | |M^2_{eff} | | b^2 , u(t) ≡ πq_0 2p_0r_0 b · g(b) . (6.19)

11This formula is valid for M^2_{eff} > 0. It remains valid for M^2_{eff} < 0, provided one sees then M_{eff} as a purely imaginary number. If one wants only functions of real arguments, M_{eff} must be replaced by its modulus, and the function K1 becomes a Y1.

– 14 –

This transformation leads to

4tu^{′′}_1 (t) − sign(M^2_{eff} )u_1(t) + 2ig^2C_F p_0r_0 q_0 T| |M 2_{eff} |D ( m_g |M_{eff} | √ t ) (u_0(t) + u_1(t)) = 0 , (6.20)

where the prime denotes the differentiation with respect to t, and where^{12}

u_0(t) ≡ √ tK_1( √ t) . (6.21)

The differential equation eq. (6.20) depends on two dimensionless quantities. One is the ratio m_g/M_{eff} of two masses, while the prefactor g^2C_F T p_0r_0/q_0M^2_{eff} can be interpreted (up to logarithms) as the ratio of the photon formation time to the quark mean free path. It is therefore the average number of scatterings that can contribute coherently to the production of a photon. The relevant quantity for the photon production rate is then given by Re ∫ d^2p_⊥ (2π)^2 p_⊥ · f(p_⊥) =

4p_0r_0 πq_0 M^2_{eff} Im u^′_1(0) . (6.22)

This differential equation must be supplemented by boundary conditions in order to define uniquely the solution. First, we can see from the differential equation (6.16) that g_1(b) does not diverge at b = 0 (the full g contains a divergence, which goes entirely in the zeroth-order term g_0). This implies

u_1(0) = 0 . (6.23)

Unfortunately, we do not know the value of u^′_1(0) but instead we know the value of u(∞). Indeed, normalizability requires that u(∞) = 0 (another way to see it is to assume that f(p_⊥) is regular enough, which implies that its Fourier transform is exponentially suppressed at large b – the regularity of f(p_⊥) is equivalent to the integrability of g(b)). Since we already have u_0(∞) = 0, this implies

u_1(∞) = 0 . (6.24)

Therefore, the problem can be summarized as follows: we are looking for the (presumably complex) value of u^′_1(0) that takes us from u_1(0) = 0 to u_1(∞) = 0. The imaginary part of this derivative term is then the coefficient that enters in the photon polarization tensor. Note also that since the solution space of this differential equation is a 2-dimensional complex linear space, having two complex boundary conditions is enough to uniquely determine a solution.

6.4 Numerical solution 6.4.1 General principle This reformulation of eqs. (6.1) and (6.2) leads to a rather straightforward algorithm for a numerical solution. Differential problems with two-point boundary conditions are usually solved by iterative “shooting” methods [54], where one tries to make a guess for the missing initial condition (here, u^′_1(0)) and then corrects this value based on the discrepancy between the resulting end-point and the expected one.

12If M^2_{eff} < 0, one has u0(t) ≡ i √ tK1(i √ t).

– 15 –

Things are in fact much simpler for an affine equation, since only two trials, plus the knowledge of a solution of the complete equation, are enough to find the value of u^′_1(0). Indeed, for a differential equation like (6.20), solutions have generically the following form:

u_1(t) = w(t) + α_1w_1(t) + α_2w_2(t) , (6.25)

where w(t) is a particular solution of the full equation, and w_{1,2}(t) are two independent solutions of the corresponding homogeneous equation (i.e. (6.20) in which one would set u_0 to zero). Generically, it is convenient to choose these functions such that:

w(0) = 0 , w^′(0) = 0 , w_1(0) = 1 , w^′_1(0) = 0 , w_2(0) = 0 , w^′_2(0) = 1 .

If these solutions are known (at least numerically), the condition u_1(0) = 0 implies

α_1 = 0 . (6.26)

Then, using u_1(+∞) = 0, the second coefficient α_2 is given by

α_2 = lim_{t→+∞} −w(t) w_2(t)

; (6.27)

and thanks to our choice of initial conditions for w, w_1 and w_2, the value of u^′_1(0) that solves the problem is simply given by

u^′_1(0) = α_2 . (6.28)

6.4.2 Realistic algorithm This algorithm is however not directly applicable in the case of eq. (6.20), because the point t = 0 is a singular point of the equation, and cannot be used to set initial conditions. Therefore, we have to chose another point in order to set the initial conditions. Let us call this point t_0 > 0, and assume

w(t_0) = 0 , w^′(t_0) = 0 , w_1(t_0) = 1 , w^′_1(t_0) = 0 , w_2(t_0) = 0 , w^′_2(t_0) = 1 ,

instead of eqs. (6.26). From these initial conditions, one must evolve numerically the functions w, w_1 and w_2 both forward and backward. Generically, the three functions diverge when t → +∞ (unless one has been very unlucky when choosing the initial conditions). The condition u_1(+∞) = 0 then implies

0 = 1 + α_1r_1 + α_2r_2 , (6.29)

where r_i ≡ lim_{t→+∞} w_i(t)/w(t). This gives a first linear relation between the two coefficients α_1 and α_2. Then, from the condition u_1(0) = 0, one can obtain

α_1 = lim_{t→0+} − w_2(t) − r_2w(t) r_1w_2(t) − r_2w_1(t)

. (6.30)

– 16 –

At this point, the two coefficients α_{1,2} are known, and it is easy to find

u^′_1(0) = lim_{t→0+} w^′(t) + α_1w^′_1(t) + α_2w^′_2(t) . (6.31)

This last step does not require any additional calculation, since the derivatives of w, w_{1,2} are known numerically at this point. In summary, this algorithm reduces the problem of solving the integral equation (6.2) and then calculating the integral over p_⊥ in eq. (6.1) to the numerical solution of a differential equation with three different initial conditions. A numerical analysis of eq. (6.1) based along these lines will be presented elsewhere [53].

7. Conclusions

In this paper, we have derived a simple sum rule that enables to perform analytically some of the integrals involved in the thermal 2-loop photon production rate. Several applications of this sum rule have been presented. This sum rule also plays a role in the calculation of the collision integral that appears in the resummation of the ladder diagrams involved in the calculation of the LPM effect.

Acknowledgments

F.G. would like to thank E. Fraga and A. Peshier for many useful discussions on related issues. H.Z. thanks the LAPTH for hospitality during the summer of 2001, where part of this work has been performed. P. A. thanks C. Gale for the hospitality extended to him at Mc Gill University where part of this work was done.

A. Asymptotic behavior of F (x)

A.1 Large x behavior of F (x)

At large values of the argument x, the asymptotic value of the function F (x) introduced in eq. (3.3) is very easy to obtain:^{13} F (x) = ϵ ∫_1 0 du tanh^{−1}(u)

u^2 + ϵ with ϵ ≡ 1 x − 1 ≪ 1 = ϵ ∫_1 0 du tanh^{−1}(u) − u u^2 + ϵ + ϵ ∫_1 0 du u u^2 + ϵ = ϵ [ 1 − ln(2) + O ( ϵ ln ( 1 ϵ ))] + ϵ ln ( 1 + ϵ ϵ ) , (A.2)

13By subtracting more of the Taylor expansion of tanh^{−1}(u), one can go one order further in this asymptotic expansion, and obtain F (x) ≈_{x→∞} ln(x) 2x + 1 − ln(2) x + ln(x) 3x^2 + 5 − 6 ln(2) 9x^2 + O ( ln(x) x^3 ) . (A.1)

– 17 – i.e. F (x) =_{x→+∞} ln(x) 2x + 1 − ln(2) x + O ( ln(x) x^2 ) . (A.3)

Let us add that if the variable x goes to −∞, one can obtain the correct asymptotic behavior^{14} by replacing x by −x in the previous expression (in particular ln(x) by ln |x| − iπ) while dropping the imaginary part, so that the previous asymptotic formula simply becomes: F (x) =_{x→−∞} ln |x| 2x + 1 − ln(2) x + O ( ln |x| x^2 ) . (A.4)

A.2 Small x behavior of F (x)

At small values of x, determining the expansion of F (x) requires a little more work. Denoting y ≡ 1/ √ 1 − x ≈ 1 + x/2, we have

F (x) = y^2 2 ∫_1 0 du ln ( 1 + u 1 − u ) 1 y^2 − u^2 = y 4 ∫_1 0 du ln ( 1 + u 1 − u ) [ 1 y + u + 1 y − u ] . (A.5)

Let us notice first that the term in 1/(y + u) is finite in the limit y → 1. Therefore, since we do not want to go beyond the constant terms, we can simply replace y by 1 in this term and get 1 4 ∫_1 0 du ln ( 1 + u 1 − u ) 1 1 + u = − 1 4 ∫_1 0 dv ln(v) 1 + v = π^2 48 . (A.6)

The other term can be separated in two parts, the first one being y 4 ∫_1 0 du ln(1 + u) y − u = y 4 ∫_1 0 ln(1 + u) − ln(2) y − u + y 4 ∫_1 0 ln(2) y − u ≈ 1 4 ∫_1 0 dv v ln ( 1 − v 2 ) + ln(2) 4 ln ( 2 x )

≈ − ∫ 1_2 0 dv 4 ln(1 − v) 1 − v + ∫ 1_2 0 dv 4 ln(1 − v) v(1 − v) + ln(2) 4 ln ( 2 x )

≈ ln^2(2) 8 − π^2 48 + ln(2) 4 ln ( 2 x ) , (A.7)

up to terms that vanish when x → 0^+. Seemingly, the second piece is:

− y 4 ∫_1 0 du ln(1 − u) y − u = y 4 ∫_1 0 du − ln(y − u) + ln ( 1 −^{y−1}_{y−u} ) y − u ≈ 1 8 ln^2 ( 2 x ) + 1 4 +∞∑ n=1 (y − 1)^p p ∫_1 0 du (y − u)^{p+1} ≈ 1 8 ln^2 ( 2 x ) + π^2 24 . (A.8)

14If x is negative, F (x) should be understood with a principal value prescription (see [37] for more details).

– 18 –

Collecting all the bits and pieces, we finally obtain:

F (x) =_{x→0+} 1 8 ln^2 ( 4 x ) + π^2 24 + O ( x ln^2 ( 1 x )) . (A.9)

When x approaches 0 by negative values, it is sufficient to replace x by −x in the previous formula (i.e. ln(x) by ln |x| − iπ) and retain only the real part. Since the logarithm is squared, the −iπ modifies the constant term as follows: F (x) =_{x→0−} 1 8 ln^2 | | 4 x | | − π^2 12 + O ( x ln^2 ( 1 x )) . (A.10)

B. For real photons: J_T = −J_L if M_∞ = m_g

In the production of real photons, one can notice numerically that the coefficients J_T and J_L are equal if the gluon plasmon mass m_g is equal to the quark asymptotic mass M_∞ [41] (for real photons M_{eff} = M_∞). We present here an analytic proof of this statement. When M_∞ = m_g and Q^2 = 0, we have:

J_L + J_T = π [ F ( 4 3 ) − 2F (4) ]

= π [ 3 ∫_1 0 du tanh^{−1}(u) u^2 + 3 − 2 ∫_1 0 du tanh^{−1}(u) 3u^2 + 1 ] . (B.1)

Noticing that the function G(x) ≡ ∫_1 0 du tanh^{−1}(u) u^2 + x^2

(B.2)

obeys the differential equation

G(x) + xG^′(x) = 1 2 ln (_{1+x2}

4x^2 ) 1 + x^2

, (B.3)

and solving it, one can prove the following formula

x ∫_1 0 du tanh^{−1}(u) u^2 + x^2

= ln(2) tan^{−1} ( 1 x ) − 1 2 ∫ 1_x 0 du ln(1 + u^2) 1 + u^2

= ln(2) tan^{−1} ( 1 x ) + ∫_{tan}−1_{(1/x)} 0 dθ ln(cos(θ)) . (B.4)

Using this intermediate result, it is easy to rewrite J_T + J_L as

J_T + J_L = π √ 3 [ 3 ∫ π_6 0 dθ ln(cos(θ)) − 2 ∫ π_3 0 dθ ln(cos(θ)) − π ln(2) 6 ] . (B.5)

– 19 –

Making then use of the following relations ∫ π_2 0 dθ ln(cos(θ)) = − π ln(2) 2 , ∫ π_3 0 dθ ln(cos(θ)) = − π ln(2) 2 − ∫ π_6 0 dθ ln(sin(θ)) , ∫ π_6 0 dθ ln(cos(θ)) = − π ln(2) 2 − ∫ π_3 0 dθ ln(sin(θ)) , ∫ π_6 0 dθ ln(sin(θ)) + ∫ π_6 0 dθ ln(cos(θ)) = 1 2 ∫ π_3 0 dθ ln(sin(θ)) − π ln(2) 6 , (B.6)

it is straightforward to check that J_T + J_L = 0 (B.7)

when M_∞ = m_g. This is an interesting non trivial (and exact) identity which cannot be obtained by any simple other method, mainly because there is no useful asymptotic formula near the point M_∞ = m_g. Even if this identity is purely anecdotical, its derivation illustrates the power of the sum rule obtained in this paper.

References

[1] T. Peitzmann and M.H. Thoma, Direct photons from relativistic heavy-ion collisions, Phys.

Rept. 364 (2002) 175 [hep-ph/0111114].

[2] WA98 collaboration, M.M. Aggarwal et al., Observation of direct photons in central 158-A-GeV Pb-208 + Pb-208 collisions, Phys. Rev. Lett. 85 (2000) 3595 [nucl-ex/0006008].

[3] WA98 collaboration, M.M. Aggarwal et al., Direct photon production in 158 A GeV 208P b +^{208}Pb collisions, nucl-ex/0006007.

[4] D.K. Srivastava, Photon production in relativistic heavy ion collisions using rates with two loop calculations from quark matter, Eur. Phys. J. C 10 (1999) 487.

[5] D.K. Srivastava and B. Sinha, Radiation of single photons from Pb + Pb collisions at the CERN SPS and quark hadron phase transition, Phys. Rev. D 64 (2001) 034902 [nucl-th/0006018].

[6] J. Sollfrank et al., Hydrodynamical description of 200-A-GeV/c S + Au collisions: hadron and electromagnetic spectra, Phys. Rev. D 55 (1997) 392 [nucl-th/9607029].

[7] P. Huovinen, P.V. Ruuskanen and S.S. Rasanen, Photon emission in heavy ion collisions at the CERN SPS, nucl-th/0111052.

[8] F. Gelis, A simple criterion for effects beyond hard thermal loops, Phys. Lett. B 493 (2000) 182 [hep-ph/0007087].

[9] F. Gelis, D. Schiff and J. Serreau, A simple out-of-equilibrium field theory formalism?, Phys.

Rev. D 64 (2001) 056006 [hep-ph/0104075].

[10] T. Altherr and P. Aurenche, Finite temperature QCD corrections to lepton pair formation in a quark-gluon plasma, Z. Physik C 45 (1989) 99.

[11] T. Altherr and P.V. Ruuskanen, Low mass dileptons at high momenta in ultrarelativistic heavy ion collisions, Nucl. Phys. B 380 (1992) 377.

– 20 –

[12] T. Altherr and T. Becherrawy, Cancellation of infrared and mass singularities in the thermal dilepton rate, Nucl. Phys. B 330 (1990) 174.

[13] Y. Gabellini, T. Grandou, D. Poizat, Electron-positron annihilation in thermal QCD, Ann.

Phys. (NY) 202 (1990) 436.

[14] R.D. Pisarski, Renormalized gauge propagator in hot gauge theories, Physica 158 (1989) 146. [15] E. Braaten and R.D. Pisarski, Soft amplitudes in hot gauge theories: a general analysis, Nucl.

Phys. B 337 (1990) 569.

[16] E. Braaten and R.D. Pisarski, Deducing hard thermal loops from ward identities, Nucl. Phys.

B 339 (1990) 310.

[17] J. Frenkel and J.C. Taylor, High temperature limit of thermal QCD, Nucl. Phys. B 334 (1990) 199.

[18] J. Frenkel and J.C. Taylor, Hard terminal QCD, forward scattering and effective actions, Nucl. Phys. B 374 (1992) 156.

[19] E. Braaten, R.D. Pisarski and T.-C. Yuan, Production of soft dileptons in the quark-gluon plasma, Phys. Rev. Lett. 64 (1990) 2242.

[20] R. Baier, H. Nakkagawa, A. Niegawa and K. Redlich, Production rate of hard thermal photons and screening of quark mass singularity, Z. Physik C 53 (1992) 433.

[21] J. Kapusta, P. Lichard and D. Seibert, High-energy photons from quark-gluon plasma versus hot hadronic gas, Phys. Rev. D 44 (1991) 2774.

[22] R. Baier, S. Peigne and D. Schiff, Soft photon production rate in resummed perturbation theory of high temperature QCD, Z. Physik C 62 (1994) 337 [hep-ph/9311329].

[23] P. Aurenche, T. Becherrawy and E. Petitgirard, Retarded/advanced correlation functions and soft photon production in the hard loop approximation, hep-ph/9403320.

[24] A. Niegawa, Screening of mass singularities and finite soft-photon production rate in hot QCD, Phys. Rev. D 56 (1997) 1073 [hep-th/9607150].

[25] P. Aurenche, F. Gelis, R. Kobes and E. Petitgirard, Enhanced photon production rate on the light-cone, Phys. Rev. D 54 (1996) 5274 [hep-ph/9604398].

[26] P. Aurenche, F. Gelis, R. Kobes and E. Petitgirard, Breakdown of the hard thermal loop expansion near the light-cone, Z. Physik C 75 (1997) 315 [hep-ph/9609256].

[27] P. Aurenche, F. Gelis, R. Kobes and H. Zaraket, Bremsstrahlung and photon production in thermal QCD, Phys. Rev. D 58 (1998) 085003 [hep-ph/9804224].

[28] P. Aurenche, F. Gelis, R. Kobes and H. Zaraket, Two loop compton and annihilation processes in thermal QCD, Phys. Rev. D 60 (1999) 076002 [hep-ph/9903307].

[29] V.V. Lebedev, A.V. Smilga, Anomalous damping in plasma, Physica 181 (1992) 187. [30] V.V. Lebedev, A.V. Smilga, Spectrum of quark-gluon plasma, Ann. Phys. (NY) 202 (1990) 229.

[31] P. Aurenche, F. Gelis and H. Zaraket, Landau-Pomeranchuk-Migdal effect in thermal field theory, Phys. Rev. D 62 (2000) 096012 [hep-ph/0003326].

[32] P. Arnold, G.D. Moore and L.G. Yaffe, Photon emission from ultrarelativistic plasmas, J.

High Energy Phys. 11 (2001) 057 [hep-ph/0109064].

– 21 –

[33] P. Arnold, G.D. Moore and L.G. Yaffe, Photon emission from quark gluon plasma: complete leading order results, J. High Energy Phys. 12 (2001) 009 [hep-ph/0111107].

[34] L.D. Landau, I.Ya. Pomeranchuk, Limits of applicability of the theory of bremsstrahlung electrons and pair production at high-energies, Dokl. Akad. Nauk. SSR 92 (1953) 535.

[35] L.D. Landau, I.Ya. Pomeranchuk, Electron cascade process at very high-energies, Dokl. Akad.

Nauk. SSR 92 (1953) 735.

[36] A.B. Migdal, Bremsstrahlung and pair production in condensed media at high-energies, Phys.

Rev. 103 (1956) 1811.

[37] P. Aurenche, F. Gelis and H. Zaraket, Enhanced thermal production of hard dileptons by 3 → 2 processes, hep-ph/0204145.

[38] A.K. Mohanty, private communication.

[39] A.K. Mohanty, Communication at the international symposium in nuclear physics, December 18-22, 2000, Mumbai, India.

[40] F.D. Steffen and M.H. Thoma, Hard thermal photon production in relativistic heavy ion collisions, Phys. Lett. B 510 (2001) 98 [hep-ph/0103044].

[41] R.L. Kobes, private communication.

[42] N.P. Landsman and C.G. van Weert, Real and imaginary time field theory at finite temperature and density, Phys. Rept. 145 (1987) 141.

[43] F. Gelis, Thèse de doctorat, Université de Savoie (1998).

[44] M. Le Bellac and P. Reynaud, Resummation and infrared safe processes in hot QCD, Nucl.

Phys. B 416 (1994) 801.

[45] P. Reynaud, Thèse de doctorat, Université de Nice (1994).

[46] B. Vanderheyden and J.-Y. Ollitrault, Damping rates of hard momentum particles in a cold ultrarelativistic plasma, Phys. Rev. D 56 (1997) 5108 [hep-ph/9611415].

[47] M. Thoma Leontovich relations in thermal field theory, Eur. Phys. J. C 16 (2000) 513. [48] R.L. Kobes, G. Kunstatter, A. Rebhan, QCD plasma parameters and the gauge dependent gluon propagator, Phys. Rev. Lett. 64 (1990) 2992.

[49] E. Braaten and R.D. Pisarski, Calculation of the gluon damping rate in hot QCD, Phys. Rev.

D 42 (1990) 2156.

[50] M. Dirks, A. Niegawa and K. Okano, A Slavnov-Taylor identity and equality of damping rates for static transverse and longitudinal gluons in hot QCD, Phys. Lett. B 461 (1999) 131 [hep-ph/9907439].

[51] A. Peshier, B. Kampfer, O.P. Pavlenko and G. Soff, A massive quasiparticle model of the SU(3) gluon plasma, Phys. Rev. D 54 (1996) 2399.

[52] P. Petreczky, F. Karsch, E. Laermann, S. Stickan and I. Wetzorke, Temporal quark and gluon propagators: measuring the quasiparticle masses, Nucl. Phys. 106 (Proc. Suppl.) (2002) 513 [hep-lat/0110111].

[53] Work in progress.

[54] W.H. Press, S.A. Teukolsky, W.T. Vetterling, B.P. Flannery, Numerical recipes, Cambridge University Press, 1993.

– 22 –